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Abstract—Statistical analysis is typically used to reduce the di-

mensionality of and infer meaning from data. A key challenge of

any statistical analysis package aimed at large-scale, distributed

data is to address the orthogonal issues of parallel scalability and

numerical stability. Many statistical techniques, e.g., descriptive

statistics or principal component analysis, are based on moments

and co-moments and, using robust online update formulas, can

be computed in an embarrassingly parallel manner, amenable to

a map-reduce style implementation. In this paper we focus on

contingency tables, through which numerous derived statistics

such as joint and marginal probability, point-wise mutual infor-

mation, information entropy, and χ2
independence statistics can

be directly obtained. However, contingency tables can become

large as data size increases, requiring a correspondingly large

amount of communication between processors. This potential

increase in communication prevents optimal parallel speed-

up and is the main difference with moment-based statistics

(which we discussed in [1]) where the amount of inter-processor

communication is independent of data size. Here we present the

design trade-offs which we made to implement the computation

of contingency tables in parallel. We also study the parallel speed-

up and scalability properties of our open source implementation.

In particular, we observe optimal speed-up and scalability when

the contingency statistics are used in their appropriate context,

namely, when the data input is not quasi-diffuse.

I. I NTRODUCTION

Statistical analysis techniques are used throughout a variety
of scientiÞc and engineering applications to interpret and
reduce the dimensionality of observational data. As data sets
continue to grow to peta- and exa-scale sizes and beyond, stan-
dard serial algorithms are becoming impractical. To address
this problem we have designed and built a parallel statistical
analysis framework within the Visualization Tool Kit (VTK [2],
[3]). These statistical algorithms have four phases: Learn,
Derive, Assess, and Test which can be seen as a generalization
of the map-reduce pattern [4]. The phases are executed in
order as shown in Figure 1 and are discussed in detail in
Section IV. By construction, the Learn phase is the only
one requiring interprocess communication; for instance, in the
case of descriptive statistics, cardinality, extremal values, and
centered aggregates up to the fourth order must be exchanged
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Fig. 1. The 4 phases of statistical modeling and their interactions with input
observations and models. When a phase is not requested, it is eliminated by
connecting input to output ports.

and updated to assemble a global model. All other phases can
always be computed in an embarrassingly parallel fashion.
The Learn phases of most of the currently implemented
statistical algorithms demonstrate optimal parallel speed-up
and scalability, as they rely on a small number of statistics
to be exchanged and updated, such as in the aforementioned
descriptive statistics case. In [1], we have shown how to
perform these updates in a numerically stable, yet single-pass,
way, for all statistics algorithms which make use of moments
and co-moments.

In this paper, we study the case of statistics that rely
on contingency tables, which are one of the few statistical
methods for analyzing nominal data Ð data without a distance
metric Ð as opposed to cardinal or ordinal data where some
concept of distance is available. The computing of contingency
tables, by nature, can result in the communication of tables
that are as large as the original input data itself. The resulting
algorithm thus demonstrates a spectrum of scalability and
speed up properties depending on the level of diffuseness
observed in the input data.

The rest of this paper is outlined as follows: In Section II we
discuss related work. A refresher on contingency tables and
their relation to pointwise mutual information and information
entropy are discussed in Section III. In Section IV we discuss
the implementation of these algorithms within our existing
statistical framework inVTK, and begin to discuss some of
the limitations and trade-offs that are made when computing
contingency tables in parallel. In Section V a scalability
study is performed in which we expound upon the speed-up
properties of this algorithm and present a veriÞcation of the
correctness of our results. Finally, conclusions and future work
are discussed in Section VI.



II. RELATED WORK

As data sets have grown in size, there has been an analo-
gous increase in the number of efforts underway to develop
robust, parallel statistics algorithms. Centered moments and
co-moments are the building blocks of many algorithms and
single-pass update formulas for moments have been inves-
tigated for some time. In the early 1960Õs [5] developed
a single-pass algorithm for the computation of variance. A
more general set of pairwise update formulas for variance
was introduced in [6]. The formulas for third- and fourth-order
moments, which are needed to calculate skewness and kurtosis
of the data set, were derived by [7]. In [1], we presented
numerically stable, single-pass update formulas for arbitrary
centered statistical moments and co-moments. Other work,
including that of [8], has explored how theoretical models
of parallel computing are applied to the design, analysis,
and application of algorithms for solving statistical problems.
Parallel applications discussed in [8] include predictive model-
ing, adaptive design, data mining, econometrics, and Bayesian
computation.

In addition to theoretical results, a number of both com-
mercial and open source software packages provide statistical
tools and algorithms, however a majority of these are serial in
nature. On the commercial side, companies like Mathworks
and SAS provide statistical analysis software with parallel
support for a subset of algorithms, however these solutions
can be Þnancially cost prohibitive. TheR project for statistical
computing [9] is one of the more well known open source
statistical analysis packages. An overview of the techniques
for parallel computing withR is provided in [10]. This
technical report reviews sixteen different packages aimed at
providing parallel support forR and provides comparisons
of their state of development, the parallel technology used,
usability, acceptance, and performance. BecauseR provides
a broad set of analysis capabilities that were not necessarily
implemented with paralallel scalability in mind, only a subset
of algorithms have been fully parallelized. The remainder
of the efforts described in [10] provide access to parallel
computing resources from withinR that can be used manually
by developers writing scripts inR. In [1] a new statistics frame-
work is introduced, built inVTK [2], [3], and designed from
the start with parallel scalability in mind. The contingency
and information statististics algorithms described in this paper
have been integrated into this framework; it has been shown
that such algorithms are useful in a number of scientiÞc Þelds
to determine causal relationships between observed data (e.g.
[11], [12]).

III. C ONTINGENCY AND INFORMATION STATISTICS

In this section, we present a brief refresher on contingency
statistics, and their relationship to conditional probabilities,
pointwise mutual information, and information entropy. A
series of examples that illustrate each of these concepts is
included in the Appendix to this paper.

Fig. 2. A set of 6 two-way contingency tables marginalized from a
single 4-way contingency table, taken from simulated combustion of a lifted
ethylene jet. Plots in each row have anx axis showing concentrations of the
chemical species to the left and plots in each column have ay axis showing
concentrations of the species to the top. Color is used to indicate the number
of times each set of concentrations were observed simultaneously at one point
in the simulation domain. Only 4 of the 21 different species concentrations
tracked were used to build the 4-way table. Thanks to Drs. Jacqueline Chen,
Chun Sang Yoo, and Ray Grout for the data.

A. Contingency Tables

Definition III.1. A two-way contingency table is a tabular
representation of categorical data, which shows counts or fre-
quencies for particular combinations of values of two discrete
random variablesX1 andX2. Each cell in the table represents
a mutually exclusive pair of(X1,X2) realization.

In this article as well as in the implementation of con-
tingency statistics inVTK, we make use of counts and not
of frequencies, as input data tables comprise realizations and
are directly amenable to occurrence counting. Figure 2 is an
example of several two-way contingency tables taken from a
turbulent combustion simulation. Thex and y axes represent
concentrations of chemical species and the color of each
cell indicates the number of simulation points that match the
concentrations at the grid location(x,y).

Remark III.1 . The concept of a contingency table is extended
in a straightforward fashion forn random variables(Xi)1≤i≤n
to n-way contingency tables, where counts for each mutually
exclusive pair of(X1, . . . ,Xn) realization are stored. This is
what will be meant hereafter bycontingency tables.

B. Joint and Marginal Distributions

Definition III.2. A joint frequency distribution for the pair
(X ,Y ) can be obtained from the contingency table of these
two variables by normalizing the table by its sample size (also
called thegrand total). This can be interpreted as anempirical



joint probability distribution for the pair(X ,Y ) which, in turn,
can be marginalized with respect to either of the random
variables. The marginal distribution ofX is:

pX (x) = ∑
y∈Y (ω)

pX ,Y (x,y)

whereY (ω) denotes the set of all outcomes ofY . The formula
for pY is obtained by switchingX andY .

In general, anyn-way joint probability distribution may be
marginalized to

�n
d
�

differentd-way marginal distributions. For
example, Figure 2 shows the 6 possible 2-way marginalizations
of a 4-way contingency table, applied to the case of simulated
combustion of a lifted ethylene jet.

C. Conditional Probabilities
Definition III.3. Given two random variablesX and Y , the
conditional probability of y given x is the probability of a
realizationy of Y given the occurrence of a realizationx of
X , and is

pY |X (y|x) :=
pX ,Y (x,y)

pX (x)
,

provided pX (x) �= 0, and is undeÞned otherwise. The formula
for pX |Y is obtained by switchingX and Y . Therefore, the
knowledge of the joint (and, as a result, marginal) probability
distributions ofX andY is all that is needed to calculate the
conditional probabilities ofX |Y andY |X .

D. Pointwise Mutual Information
Pointwise mutual information is a measure of association

between realizations of discrete random variables.

Definition III.4. The pointwise mutual information of a real-
ization (x,y) of a pair of discrete random variables(X ,Y ) is
deÞned as:

pmi(x,y) := log
p(X ,Y ) (x,y)

pX (x)pY (y)
,

where pX , pY , and p(X ,Y ) respectively denote the probability
density functions ofX , Y , and(X ,Y ), for all possible outcomes
of X andY , and setting pmi to−∞ when the joint probability
vanishes.

Note that if X and Y are independent, then the pointwise
mutual information vanishes everywhere the joint probability
does not.

E. Information Entropy
Definition III.5. Theinformation entropy of a discrete random
variableX is deÞned as:

H(X) := −∑x∈X(ω) pX (x) logb pX (x), (III.1)

wherepX is the probability density function ofX andb is the
base of the logarithm; in particular, whenb = 2 (resp.b = e,
b = 10), the unit of information entropy is thebit (resp.nat,
digit).

Information entropy is used as a measure of the uncertainty
associated with a random variable. For instance, a random

variable which can only take on a single value, with probability
1, has a zero information entropy. The notion of information
entropy is extended to conditional probability as follows:

Definition III.6. The conditional information entropy of a
discrete random variableY given a discrete random variable
X is deÞned as:

H(Y |X) := ∑x∈X(ω) pX (x)H(Y |X = x)

which, when combined with (III.1), amounts to:

H(Y |X) = −∑x∈X(ω),y∈Y (ω) pX ,Y (x,y) logb pY |X (y|x),

with the same notations as previously used throughout this
section.

In everything that follows, we will useb = e, which ap-
pears to be the most commonly used convention to express
information entropies.

IV. PARALLEL STATISTICAL FRAMEWORK

We have added contigency and information statistics
to our open source library of parallel statistical engines
available in VTK, more precisely in the class called
vtkContingencyStatistics .

A. Statistics Algorithm Options
As explained in [1], it has been our experience that many

types of statistical analysis can be decomposed into four
distinct phases which form an interesting design pattern [13].
The Þrst two phases, Learn and Derive, are essentially a
special case of the map-reduce pattern [4], which allows for
the processing of large data sets in parallel. Within the map-
reduce framework, the map function processes key/value pairs
in parallel, generating a set of intermediate key/value pairs.
All intermediate values associated with same intermediate
key are merged by the reduce function to compute the Þnal
solution of interest. In the algorithms we have previously
discussed, it is not necessary to communicate the keys since
there are a Þxed number of them, they are identical across
all processes, and they may be ordered uniquely so sending
values alone is unambiguous. However, for contingency tables
an arbitrary number of key-value pairs must be communicated
and different keys may be present on each process. The Assess
phase is effectively a second map operation and the Test phase
is essentially an extension of the Derive phase. We have chosen
to keep the Test phase separate from the Derive phase as (i) it
tends to be more computationally intensive and (ii) it rests on
assumptions which are not accepted by all statisticians, namely
signiÞcance testing. These options, which can (but need not)
be performed on a single set of observations follow a Þxed-
order sequence which we will now describe in detail.

1) Learn: Calculate a primary statistical model from an
input data set. By ÒprimaryÓ, we mean the minimal repre-
sentation of the desired model, that contains only primary
statistics. In the case of contingency statistics, the primary
model is the contingency table. This stage involves a reduction
operation across processes participating in the run. In terms



Fig. 3. A simpliÞed (univariate) example illustrating the Learn, Derive, and
Assess options of the parallel contingency statistics engine with distributed
data computation of a contingency table; dashed red arrows indicate inter-
process communication. In terms of the map-reduce pattern, keys are the raw
observations (represented by letters a, b, c, d, e) and values are the number
of observations.

of the map-reduce pattern, keys are tuples of observed data
(e.g., (port,protocol) pairs) and values are the number of
observations. There are several ways in which the reduction
can take place:

• Full-reduce+broadcast. All key-value pairs are sent to a
single process which creates a global contingency table by
summing the number of observations of each entry from
all identical keys in the process-local contingency tables.
The single process then broadcasts the resulting global
contingency table. Because each process is left with the
global contingency table, assessments of new data not
included in the Learn phase is possible. This is the scheme
implemented in our framework and is illustrated with a
simple (univariate) example in Figure 3.

• All-reduce. In this scheme, all processes take part in
the reduction operation instead of a single process. A
na¬õve implementation might have each process send its
entire process-local contingency table to every other
process and let all processes sum observation counts. This
would clearly involve many times the network trafÞc of
the previous approach. A better implementation would

perform (for N processes)�log2 N� pairwise exchanges
of contingency table subsets. First, process pairs would
exchange the keys of their previous stageÕs results (or
the process-local contingency table at stage 0) and each
would sort the results eliminating duplicates. One process
in the pair would send values for the Þrst half of the
keys and the other process in the pair would send values
for the second half. Different pairs of processes would
exchange subsets at each stage. This operation would end
with each process in possession of approximately

�1
2

�N

of the global contingency table. A Þnal stage where each
process broadcasts its portion would leave all processes
with the global contingency table. This may seem more
efÞcient at Þrst glance but when few keys are shared
between processes exchanging subsets, the amount of
communication increases substantially. In the worst case,
where no keys are shared between any processes, this
amounts to the na¬õve implementation. Regardless of the
implementation, all processes are left with the global
contingency table so that assessments of different data
than was used for Learn is possible.

• Partial-reduce. Finally, it is possible to perform a partial
reduction where each process is left with the subset of the
global contingency table for which its Learn phase has
observations. A na¬õve implementation might have every
process send its entire process-local contingency table to
a single master process. The master process would sum
counts of observations over all of these tables, replace
each value in the key-value pairs it was sent with the
proper global value for the key, and send the modiÞed
process-local tables back to the originating process along
with the total number of observations across all keys. This
would allow each process to assess the global probability
of encountering observations it used to create the process-
local contingency table, but not the global probability
of observations encountered only by other processes.
Thus assessing different data than the input to the Learn
phase would be impossible. However, this technique has
the smallest worst-case communication cost of all the
reduction operations.

2) Derive: Calculate derived statistics model from the
primary model. By ÒderivedÓ, we mean the complete repre-
sentation of the desired model, that contains both primary
and derived statistics. In the case of contingency statistics,
the following derived statistics are calculated from the raw
model: joint, conditional, and marginal distributions, pointwise
mutual information, and information entropies. This phase
is embarrassingly parallel, not involving any inter-process
communication. Even so, it can be viewed as a continuation
of the reduction operation in a map-reduce scheme since the
derived output is a reduced model of the initial data set.

3) Assess: Given a statistical model Ð from the same or
another data set Ð mark each datum of a given data set. In
the case of contingency statistics, each datum is marked with
(or mapped to, in the map-reduce parlance) its joint and con-



ditional probabilities, as well as its corresponding pointwise
mutual information. This phase also is embarrassingly parallel,
not involving any inter-process communication.

4) Test: Perform a statistical test based on some statistics
of a data set. Typically, this will take the form of calculating
at least one test statistic and the correspondingp-value. In the
case of contingency statistics, the Pearsonχ2 test statistics,
with and without Yates correction [14], are calculated along
with their correspondingp-values. Note that with the current
implementation, the retrieval of thep-values relies on theVTK
to R interface, and thus on the availability ofR on the system
being used. This alone justiÞes the keeping of Test separate
from Derive, irrespective of performance concerns aboutR
itself. But in any event, this option amounts to an extension
of Derive and is thus embarrassingly parallel as well.

B. Parallelism

The purpose of decomposing our algorithms into four
options is twofold: parallel efÞciency and replication of the
typical statistical analysis process. In our approach, inter-
process communication and updates are performed only for
primary statistics. The parallel update of the contingency tables
must happen in the Learn phase only; the other phases only
involve direct (i.e., with no updates needed) derivations of the
secondary statistics from the primary ones. The calculations
to obtain derived statistics from primary statistics are typically
fast and simple and need only be calculated once, without
communication, upon completion of all parallel updates of
primary variables. Data to be assessed is assumed to be
distributed in parallel across all processes participating in
the computation, thus no communication is required as each
process assesses its own resident data.

Phase descriptions of several other algorithms in our sta-
tistical framework are described in [1], [15], [16]. Within
each of these other algorithms the cost of the (parallel)
reduction operation required at the end of the Learn phase
is negligible compared to the cost of serial processing, as
only minuscule amounts of data need be exchanged between
processes. As a result, these algorithms show near optimal
scalability and speed-up properties. However, in contrast with
these algorithms, the computation of contingency tables in
parallel does not necessarily scale, because the amount of
data to be exchanged and updated at the end of the Learn
phase is dependant on the input data. Rather than requiring a
constant amount of communication, the amount of information
to be shared can be as large as the data set itself when no
collisions occur. This is a serious limitation which, alone,
shows that the algorithm by nature is not embarrassingly
parallel and is likely to not exhibit optimal scalability and
speed-up properties. However, it should be noted that when the
number of possible outcomes for each variable remains small
relative to the cardinality of the data, then near optimal linear
scalability and speed up is observed, as seen in Section V.

V. RESULTS

We now present the results of a series of tests with our
implementation of the parallel contingency statistics algorithm,
vtkPContingencyStatistics , conducted on one computa-
tional cluster at Sandia National Laboratories. It is beyond the
scope of this to provide programming details regarding the test
harness itself, however the interested reader can Þnd the code
source used as a basis for these tests in the program called:

TestRandomPContingencyStatisticsMPI.cxx

which can be found in theVTK/Infovis/Testing/Cxx/ sub-
directory of VTK. For additional usage details, the reader is
invited to refer to theVTK User’s Guide [3], speciÞcally ¤8.6
(“Statistics”), pp. 192Ð198.

Several parallel runs have been executed on Sandia National
LaboratoriesÕcatalyst computational cluster, which com-
prises 120 dual 3.06GHz Pentium Xeon compute nodes with
2GB of memory each. This cluster has a Gigabit Ethernet user
network for job launch, I/O to storage, and user interaction
with jobs, and a 4X InÞniband fabric high-speed network using
a Voltaire 9288 InÞniBand switch. Its operating system has a
Linux 2.6.17.11 kernel, and its batch scheduling system is the
TORQUE resource manager [17].

The decision of whether a single process should be assigned
to each CPU or each node (which may have multiple CPUs)
is left to the scheduler. On our system, the default behaviour
is to utilize the smallest number of nodes and thus to use two
processes per node. All reported results here were done with
two processes per node, with the exceptions of the single-
process runs and one two-process run (marked with à) which
for an unexplained reason always failed when executed with
both processes on the same node.

Note that the code itself as well at its test harness are built
and tested nightly on several parallel systems (more than a
dozen at the time of writing), with different operating and
scheduling systems. The results of these nightly experiments
are reported at theVTK Dashboard:

http://www.cdash.org/CDash/index.php?project=VTK

by all machines which build bothParallel and Infovis
directories ofVTK.

A. Parallel Speed-Up and Scalability

In order to assess speed-up independently of the load-
balancing scheme, a series of (pseudo-) randomly-generated
samples is used. Since our objective is to assess the scalability
of the parallel statistics engines only, equally-sized slabs of
data are created by each process in order to work with perfectly
load-balanced cases. For the same reason, the amount of
time needed to create the input data table is excluded from
the analysis. In this test,vtkPContingencyStatistics , with
Learn, Derive, and Assess modes on, is executed on this pair
of columns, and various clock times are reported, although we
hereafter only report the wall clock time for brevity.



With this synthetic test case, we assess relative speed-up (at
constant total work), and scalability of the rate of computation
(at constant work per processor).

TABLE I
RELATIVE SPEED-UP (AT CONSTANT TOTAL WORK), WITH A TOTAL

SAMPLE SIZE OFN = 25,600,000DOUBLES.

N/p p σ = 5 σ = 50 σ = 200
(sec. /SN (p)) (sec. /SN (p)) (sec. /SN (p))

25,600,000 1 459 / 1.00 700 / 1.00 925 / 1.00
12,800,000 2 234 / 1.96 362 / 1.94 498 / 1.86à

6,400,000 4 120 / 3.83 185 / 3.79 288 / 3.21
3,200,000 8 59.3 / 7.74 95.0 / 7.38 181 / 5.11
1,600,000 16 30.2 / 15.2 53.1 / 13.2 132 / 7.00

800,000 32 15.1 / 30.4 32.5 / 21.6 111 / 8.33
400,000 64 7.94 / 57.8 24.4 / 28.7 110 / 8.41
200,000 128 4.42 / 104 25.0 / 28.0 112 / 8.26

1

2

4

8

16

32

64

128

1 2 4 8 16 32 64 128

S
p

ee
du

p,
S

N
(p

)

Number of Processors,p

Theoretical optimal speedup
! = 5

! = 50
! = 200

Fig. 4. Relative speed-up at constant total work with a total data size of
N = 25,600,000 doubles.

1) Relative Speed-Up: Given a problem of sizeN (as
measured in our case by sample size), the wall clock time
measured to complete the work withp processors is denoted
TN(p). Then, relative speed-up withp processors is

SN(p) =
TN(1)
TN(p)

.

Optimal (linear) speedup is attained withp processors when
SN(p) = p and, therefore, relative speed-up results forSN may
be visually inspected by plottingSN versus the number of
processors: optimal speed-up is revealed by a line, the angle
bisector of the Þrst quadrant.

In order to assess relative speed-up, we use a test case that
comprises 2 pseudo-random samples of sizeN = 1,000,000,
generated by rounding 2 independent standard normal vari-
ables with the same standard deviationσ > 0 to the nearest
integer. The values ofσ are chosen with increasing values of
{5,50,200} in order to yield contingency tables with varying
sizes, for the probability that any outcome of a bivariate

Gaussian draw fall outside the[−3σ,3σ]2 square is only

1−
�

2√
π

Z 3σ

0
e−t2

dt
�2

≈ 0.00539.

With the chosen set of standard deviations, the observed
contingency tables have sizes of order 103, 105, and 106,
respectively. The overall speedup therefore strongly depends
on the contingency table size, and hence onσ, for the parallel
communication costs for these tables are vastly different. Note
that the numbers of processesp were chosen to be increasing
powers of 2, for convenience only: making use of other values
did not modify speed-up results.

The wall clock times obtained oncatalyst are provided in
Table I and plotted in Figure 4. We observe that withσ = 5,
the ensuing local contingency tables are small enough that
the cost of the parallel updates is negligible to the point that
the algorithm becomes, effectively, embarrassingly parallel:
the measured relative speed-up is almost optimal (within 5%,
which may also be due in part to operating system overhead
unrelated to the algorithm itself). This remains true until
the decreasing amount of work per processor results in a
situation where the contribution of updates and overheads Ð
while small in absolute terms Ð become noticeable relative
to the computation time. Withσ = 5 and N = 1,000,000,
this trends begins to slightly appear withp = 64, and fur-
ther with p = 128, where the speed-up slightly degrades to
about 104 (as opposed to a theoretical optimum of 128). At
some point, the decreasing amount of work per processor
will ultimately result in a situation where communication
will dominate computational work, but withσ = 5 this is
not observed, as speed-up continues beyond 128 processes.
However, with larger values of the standard deviation, and
thus with much larger contingency tables to be exchanged
between processes, this trend begins to occur much earlier:
speciÞcally, with 16 or more processes whenσ = 50, and
as early as with 2 processes whenσ = 200. Moreover, past
64 and 32 processes respectively, parallel speed-up is no
longer achieved; the Amdahl limit is reached; and speed-down
eventually occurs. Theoretically, one could continue increasing
σ until no parallel speed-up can be achieved at all, effectively
turning the algorithm into a serial implementation.

From this we can draw two important conclusions:

(i) This algorithm works well when the number of possible
outcomes for each variable remains small relative to
the cardinality of the data, i.e., when the type of data
is genuinely categorical and not quasi-continuous. This
was to be expected, for contingency and information
statistics are primarily intended for categorical data, not
for continuous measurements.

(ii) Not all algorithms area priori amenable to map-reduce
implementations. As this example clearly shows, some
algorithms can behave in an embarrassingly parallel
manner, in a completely coupled, intrinsically serial
manner, or anything in between depending solely on the
value of a single input parameter. One should therefore



think in terms of a continuum of speed-up properties
when considering the behavior of an algorithm.

TABLE II
RATE OF COMPUTATION SCALABILITY (AT CONSTANT LOAD PER

PROCESSOR).

N(p) p σ = 5 σ = 50 σ = 200
(sec. /R) (sec. /R) (sec. /R)

3,200,000 1 57.8 / 1.00 87.9 / 1.00 127 / 1.00
6,400,000 2 58.3 / 1.98 91.6 / 1.91 152 / 1.67

12,800,000 4 59.3 / 3.91 93.5 / 3.76 166 / 3.06
25,600,000 8 59.3 / 7.80 95.0 / 7.40 181 / 5.61
51,200,000 16 60.3 / 15.3 98.3 / 14.3 203 / 10.0

102,400,000 32 60.7 / 30.5 103 / 27.3
204,800,000 64 62.5 / 59.2 113 / 49.8
419,600,000 128 63.1 / 117 128 / 87.9
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Fig. 5. Rate of computation scalability at constant work per processor of
N(p)/p = 3,200,000.

2) Rate of Computation Scalability: The rate of computa-
tion is deÞned as

r(p) =
N(p)

TN(p) (p)
,

whereN(p), the sample size, now varies with the number of
processorsp. We then measure its scalability by normalizing it
with respect to the rate of computation obtained with a single
processor, as follows:

R(p) =
r(p)
r(1)

=
N(p)TN(1)(1)

N(1)TN(p) (p)
,

In particular, if the sample size is made to vary in proportion
to the number of processors, i.e., ifN(p) = pN(1), then

R(p) =
pTN(1)(1)

TpN(1)(p)
=

pTN(1)(1)

pTN(1)(p)
=

TN(1)(1)

TN(1)(p)
,

and thus, optimal (linear) scalability is also attained withp
processors whenR(p) = p. Note that without linear depen-
dency betweenN and p, the latter equality no longer implies
optimal scalability. Hence, under the above assumptions, scal-
ability can also be visually inspected, with a plot ofR versus

the number of processors, where optimal scalability is also
indicated by the angle bisector of the Þrst quadrant.

The rate of computation scalability is now assessed using
the same test case as in ¤V-A1, however, in order to maintain
a constant work per processor, increasingly large samples are
created: speciÞcally, each data sets containsN(p) = np dou-
bles, wheren = 3.2× 106 and p ∈ {1,2,4,8,16,32,64,128}
respectively denote the number of sample points per processor
and the number of processes.

The wall clock times measured oncatalyst are given
in Table II and plotted in Figure 5. Withσ = 5, and thus
a relatively small contingency table, the algorithm exhibits
nearly optimal scalability (again within±5% which does not
have to be entirely attributed to the algorithm itself). With
larger values ofσ, as the global contingency table grows the
communication costs become increasingly noticeable. With
σ = 50 one continues to observe parallel scalability past 128
processes, with an overall order of about 0.92. However, with
the very large contingency tables generated whenσ = 200,
the system is not able to allocate enough memory for the
communication buffers with more thanp = 16 processes, and
the execution fails after this point, where an overall order of
about 0.83 was observed.

These observations conÞrm what was already noticed in
¤V-A1. In particular, the failure to scale the rate of com-
putation by lack of memory when the tables are enormous
conÞrms that using contingency statistics is not a good choice
when dealing with quasi-continuous data (which, in the context
of ßoating-point representation, amounts to the same as ex-
tremely large discrete data sets). In this case, either a different
analysis tool should be used, or the data should be re-quantized
prior to attempting another contingency statistics analysis. At
any rate, the key observation here is again that this engine
scales optimally when used for what it was intended, and that
its performance degrades as the input data drifts away from
the intended category of data.

B. Algorithm Correctness

In order to assess the algorithm correctness of
vtkPContingencyStatistics , we have examined the
statistical models obtained when both Learn and Derive
options are turned on with a variety of input data sets, both
very small (which could then be veriÞed point by point) and
very large.

In this paper we will not comment on these tests cases
individually, but one may view the results of some of those
tests executed nightly and summarized at the VTK Dashboard1

for both serial TestContingencyStatistics and parallel
TestRandomPContingencyStatisticsMPI test suites. Note
that for those cases which are too large for manual veriÞcation,
we verify that:

1) the calculated grand total is equal to the sum of the
cardinalities of all input tables,

1http://www.cdash.org/CDash/index.php?project=VTK



2) the overall cumulative distribution function (CDF) sums
to 1 on all processes after the parallel updates, and

3) H(X ,Y ) ≥H(X |Y )+ H(Y |X) (andH(X ,Y ) = H(X |Y )+
H(Y |X) whenX andY are independent)

on all processes after the parallel updates have been performed.
In addition, for large, pseudo-randomly generated data sets

whose statistical properties are known, we also compare
the calculated information entropiesH(X ,Y ), H(X |Y ), and
H(Y |X) with the theoretical values. For example, with the
same test cases as in ¤V-A1, we have, in theory,H(X |Y ) =
H(Y |X) = H(X) = H(Y ) sinceX andY are independent and
identically distributed. We thus use, as a Þrst approximation,
the entropies2 of the corresponding (but not rounded) normal
univariate and bivariate distributions:

H(N (µ,σ2)) = ln
�

σ
√

2πe
�

and
H(N2(µ,Σ)) = ln

�
2πe

�
|Σ|

�

where µ, σ, and Σ respectively denote the mean, standard
deviation, and covariance matrix of these distributions. Again
because of the independence assumption, in our case(X ,Y )
is approximated with a bivariate normal distribution with co-
variance matrixσ2

I2, and thus
�
|Σ| = σ2. The corresponding

theoretical values forσ∈{5,50,200} are available in Table III,
with 4 signiÞcant digits.

TABLE III
THEORETICAL VERSUS COMPUTED ENTROPIES OF2 INDEPENDENT,

CENTERED NORMAL DISTRIBUTIONS WITH STANDARD DEVIATIONσ,
ROUNDED TO THE NEAREST INTEGER. COMPUTED VALUES ARE FOR

PSEUDO-RANDOM SAMPLES OF SIZE16,000,000DISTRIBUTED ACROSS4
PROCESSES.

σ H(X ,Y ) H(Y |X) H(X |Y )
theor. computed theor. computed theor. computed

5 6.057 6.060 3.028 3.030 3.028 3.030
50 10.66 10.66 5.331 5.326 5.331 5.326

200 13.44 13.38 6.717 6.662 6.717 6.663

Relatively large input sets are used (N = 16×106), in order
to mitigate the risk of statistical bias due to insufÞcient sam-
pling. The test cases are distributed acrossp = 4 processes for
values ofσ in {5,50,200}. A comparison between theoretical
and computed values, also with 4 signiÞcant digits, for one
such test run is provided in Table III, and one cande visu
notice an excellent agreement between the computed values
and the corresponding theoretical values for the approximating
continuous random variables.

It is also interesting to notice that, asσ increases, the
discrepancies between theoretical and computed values in-
crease as well. This is because the input data sets increasingly

2Although to be fully rigorous in the case of continuous random variables
we should speak of theirdifferential entropy, whereas the information entropy
as we have deÞned it in ¤III-E is limited to the case of discrete random
variables. The differential entropy of a random variable with PDFp is deÞned
as−

R
IR p(x) logp(x) dx.

diverge from ideal Gaussian inputs as the sample size becomes
smaller, in relative terms with respect to the standard deviation.
Increasing the sample size further improves the agreement
between theoretical and computed values.

VI. CONCLUSION AND FUTURE WORK

In this work we have discussed the design trade-offs and
limitations encountered when computing contingency tables
in parallel. The scalability of the algorithm is particularly
difÞcult to characterize because it can run in an embarrassingly
parallel manner, in a completely serial manner, or anywhere
in between, depending on the nature of the input data. In
summary, when the input data set does not have many repeated
values, contingency tables are not generally suited for analysis,
a feature which is always true, whether or not one is concerned
in distributed data sets. This limiting condition corresponds
exactly to the case where our parallel implementation will not
scale well.

A. Efficiency

Overall, the efÞciencyE of a contingency table can be
estimated after-the-fact by comparing the number of entries
in the global contingency tableNc to the number of input
observationsNo:

E ≈ Eglobal = 1− Nc

No
.

Values near 0 indicate that data should either be discretized
more coarsely (lowering the number of distinct observations
that may be encountered) or that contingency tables should
be utterly discarded for this particular problem. Values near 1
indicate that the approach is at least computationally efÞcient
but data may need to be discretized less coarsely (where
applicable) or the observations may not be contingent on the
factors that were selected. Unfortunately, the calculation of
Eglobal requires that the global contingency table be computed
in advance, which we have seen may not be possible. An al-
ternative is to computeElocal on the process-local contingency
tables and let

E ≈ Eglobal≈min
i∈N

(Elocal) .

B. Software

We have implemented bivariate contingency tables as
vtkPContingencyStatistics in our open-source parallel
statistical framework withinVTK. Future work includes com-
puting contingency statistics tools on topological features
extracted from large scale simulation data, computingn-
way contingency tables in addition to bivariate contingency
tables, and exploring other ways to measure and improve the
efÞciency of contingency tables for large and high-dimensional
data. Additionally, we will continue to develop and implement
other parallel statistics algorithms in an effort to expand the
functionality of our existing framework.
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APPENDIX

In this appendix we present an example to illustrate the use
of contingency tables to compute joint and marginal distribu-
tions, pointwise mutual information, and information entropy.
Consider a sample of 21 observations of network trafÞc across
an interface, characterized in terms of (port,protocol) pairs, ab-
breviated in(prt,prtcl), as listed in Table IV. This sample can
be summarized by the means of a two-way contingency table.
Consider Table V which presents the computed contingeny

TABLE IV
A SAMPLE OF21 OBSERVATIONS OF NETWORK TRAFFIC CHARACTERIZED

IN TERMS OF(PORT,PROTOCOL) PAIRS

prt prtcl prt prtcl prt prtcl

80 HTTP 1122 HTTP 80 SMTP
80 HTTP 80 HTTP 20 FTP
80 HTTP 25 SMTP 20 FTP
80 HTTP 25 SMTP 20 FTP
80 HTTP 25 SMTP 122 FTP
80 HTTP 25 SMTP 20 FTP
8080 HTTP 25 SMTP 20 FTP

TABLE V
CONTINGENCY TABLE IN ADDITION TO THE JOINT FREQUENCY

DISTRIBUTION IN THE 6×3 INTERIOR MATRIX; MARGINAL PROBABILITIES
ARE SHOWN IN THE RIGHTMOST COLUMN AND BOTTOM-MOST ROW.

count/pprt,prtcl HTTP FTP SMTP pprt

20 0/0 5/0.238 0/0 0.238
25 0/0 0/0 5/0.238 0.238
80 7/0.333 0/0 1/0.0476 0.381
122 0/0 1/0.0476 0/0 0.0476
1122 1/0.0476 0/0 0/0 0.0476
8080 1/0.0476 0/0 0/0 0.0476

pprtcl 0.429 0.286 0.286

statistics in addition to the joint frequency distribution in the
6×3 interior matrix and marginal probabilities in the rightmost
column and bottom-most row. This table indicates that, relative
to the observed data set,(80,HTTP) is a highly probable
outcome, whereas(80,SMTP), (122,FTP), (1122,HTTP) and
(8080,HTTP) have a much lower probability of occurrence.
It is important to note that a low joint probability does not
mean that variable values are not associated; it may simply be
an indication that the co-occurrence is infrequent. This is the
case in this example as(8080,HTTP) is known to be a normal
pairingÐit is just that the HTTP protocol is predominantly used
over 80.

TABLE VI
CONDITIONAL PROBABILITIES FOR THE PROTOCOL|PORT AND

PORT|PROTOCOL CONDITIONINGS.

pprtcl|prt/pprt|prtcl/ HTTP FTP SMTP

20 0/0 1/0.833 0/0
25 0/0 0/0 1/0.833
80 0.875/0.778 0/0 0.125/0.167
122 0/0 1/0.167 0/0
1122 1/0.111 0/0 0/0
8080 1/0.111 0/0 0/0

Table VI presents conditional probabilities for the prtcl|prt
and prt|prtcl conditionings, and Table VII shows the pointwise
mutual information of the(prt,prtcl) pair. First, one readily
notices thatpprtcl|prt essentially summarizes the fact that, when
the port is known, then so is the protocol, with the exception



TABLE VII
POINTWISE MUTUAL INFORMATION FOR THE (PORT,PROTOCOL) PAIR.

pmi(prt,prtcl) HTTP FTP SMTP

20 −∞ 1.26 −∞
25 −∞ −∞ 1.26
80 0.714 −∞ −0.827
122 −∞ 1.26 −∞
1122 0.847 −∞ −∞
8080 0.847 −∞ −∞

of port 80. This is useful because, amongst the four afore-
mentioned events with the lowest joint probability (0.0476),
there is something fundamentally different about(80,SMTP).
On the other hand,pprtcl|prt does not distinguish between
(1122,HTTP) and(20,FTP) but pprt|prtcl clearly discriminates
between these two cases, for it exhibits a much more Þne-
grained range of probability values.

Pointwise mutual information combines the results of

pprt|prtcl and pprtcl|prt. Note that pmi(80,SMTP) ≈ −0.827,
whereas all of the three other low-probability pairs,
(122,FTP), (1122,HTTP) and(8080,HTTP), have a positive
pointwise mutual information. This indicates that there is
a weak association between port 80 and protocol SMTP,
relative to the association between port 80 and protocol HTTP.
However, for the rarely occurring ports (122, 1122, and
8080), there are not enough observations for us to conclude
much about their regular associations. So, used as a classiÞer,
pointwise mutual information pinpoints that there is something
fundamentally different between the(80,SMTP) and the other
(equally) low-probability outcomes. Finally, information en-
tropy illustrates that, in this example, knowledge of the port
informs much more about the protocol than knowledge of the
protocol does about the port:

H(port,prtcl) = 1.62949

H(prtcl|port) = 0.143531

H(port|prtcl) = 0.550495.


